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' Abstract. A Hamiltonian action of a complex torus on a syniplectic complex manifold is 

said to be multiplicity free if a general orbit is a lagrangian submanifold. To any multiplicity 
free Hamiltonian action of a complex torus T = (C^)" on a Stein manifold X we assign a 
certain 5-tuple consisting of a Stein manifold Y, an etale map Y ^ t* , sl set of divisors on 
Y and elements of i?^(Y, Z)®", C). We show that X is uniquely determined by this 

invariants. Furthermore, we describe all 5-tuples arising in this way. 
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1. Introduction 



Let X be a smooth manifold with a symplectic form u and T be a compact torus acting 
5^ I on X by symplectomorphisms. We recall that the action T : X is called Hamiltonian if there 
are n = dimT functions Hi, ... , Hn € C°°{X) such that 

(HI) {Hi, Hj} = 0, where {■, ■} denotes the Poisson bracket on X induced by u. 
(H2) The skew-gradient of Hi coincides with the velocity vector field of ^j, where ^i, . . . , ^„ 
is a basis of the Lie algebra t of T. 

It follows from (H1),(H2) that all functions Hi are T-invariant. 

To a Hamiltonian action T : X one assigns a map fi : X —>■ t*, = Hi{x), called 

the moment map. This map is T-equivariant and satisfies the following identity 

{dr,^{v),^) = uj{^^x,v),\fx e X,v e T^X,^ G t, 

where denotes the velocity vector in x induced by ^. Note that the moment map is 
defined uniquely up to the addition of a scalar. The manifold X (or, more precisely, the 
quadruple {X,uj,T : X, /i) is called a Hamiltonian T -manifold. 



Key words and phrases: complex tori, multiplicity free Hamiltonian actions. Stein manifolds, moment 
maps. 
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We remark that, by (H1),(H2), any T-orbit in X is an isotropic submanifold. When 
a general orbit is lagrangian, the Hamiltonian T-manifold X is called multiplicity free or, 
shortly, MF (one also uses the term symplectic toric manifold). 

The most crucial result concerning compact MF Hamiltonian T-manifolds is their classi- 
fication due to Delzant, [Dj. If Tq is the inefficiency kernel of the action T : X (that is, 
the set of all elements of T acting trivially on X), then the action T/Tq : X is Hamiltonian 
with moment map p o fi. Here /i is the moment map for the action T : X and p is the 
natural projection t* (t/to)*. So it is enough to deal with effective actions. By the famous 
result of Atyah, [AJ, and Guillemin-Sternberg, |GSJ, the image fJ,{X) is a convex polytope 
in t* (provided X is compact). This image is called the moment polytope of X. Delzant 
proved that a compact MF Hamiltonian T-manifold is uniquely determined by its moment 
polytope. He also found a necessary and sufficient condition for a convex polytope in t* to 
be a moment polytope of a compact MF Hamiltonian manifold. 

The goal of the present paper is to solve a similar classificational problem for complex 
tori actions on complex symplectic manifolds (with holomorphic symplectic form). The 
definition of a (MF) Hamiltonian action is generalized to the complex case directly (the 
functions are now taken from the algebra 0{X) of holomorphic functions). Let T denote 
a complex torus (C^)*^ and X a complex Hamiltonian T-manifold. Since the moment map 
H is holomorphic, the manifold X is not compact unless the action T : X is trivial. In this 
paper we concentrate on the case when X is a Stein manifold. 

The data we use to classify MF Hamiltonian Stein T-manifolds are more complicated than 
in the Delzant case. Below X is a MF Stein Hamiltonian T-manifold. 

By the results of |Sj, there is a categorical quotient Y for the action T : X, which is a 
Stein space (see Section [2] for details). Let n : X ^ Y he the quotient map. It turns out 
that in our case Y is even a Stein manifold (Lemma 12.81) . Let be a unique holomorphic 
map y — s> t* such that ^ = ip o -k . One can show that is etale(=a local isomorphism). 
Lemma 12.81 The manifold Y and the map ip are the first two pieces of data we need. 

For a one-dimensional subgroup Tq C T we denote by 'D{Tq) the set of all connected 
components Xq of the fixed-point submanifold such that there is x G Xq with Tx = Tq. 
Set V{Tq) := {7r(Xo),Xo G V(To)}. We will see below (assertion 2 of Lemma [23]) that any 
element of T'(To) is a connected component of ip'^i^a + ), where a G t* and denotes the 
annihilator of to in t*. Set V := Uro'P(To). The set of divisors V is the third piece of data 
we need. 

The fourth piece of data is a system of certain elements of if^(y, Z). To a character x of 
T we assign the coherent sheaf on Y defined by 

0^{U) = {/ G 0{n-\U))\t.f = x{t)f,yt G T}. 

We will see (assertion 3 of Lemma 12.81) that is a line bundle for any x- Let us fix 
a basis xi,...,Xn in the character group X(T) of T. Since Y is Stein, we see that the 
groups Pic(y) and H'^(Y,Z) are naturally isomorphic. So we get n cohomology classes 
Cj := [O^-] G H'^{Y, Z). We remark that x ^ [^x\ ^'-'^ ^ group homomorphism despite for 
any characters Xi, X2 there is a natural map O^-^ ® ~^ ^xi+X2- 

Finally, we will see (assertion 4 of Lemma 12.81) that there is a holomorphic 2-form uq on 
Y such that uj = 7t*{ujo) — da, where a is a T-invariant holomorphic 1-form on X satisfying 
a(^*) = for any ^ G t; here and below = (/i, ^). Moreover, the class cq of ujq in the 
second DeRham cohomology group Hl,^(Y) is well-defined. Since Y is Stein, we know that 
^drO^) naturally isomorphic to H'^(Y,C), see jOj, Theorem 4.16. 
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So to any MF Hamiltonian Stein T- manifold X we have assigned the 5-tuple yx '■= 
(F, 7/^,1^,(^)^1, Co). Now let y := (F, t^, (c,)ti, Cq), y := {Y\f,V',{c',)U.c',) be two 
5-tuples of the indicated form. By a morphism between y, y' we mean an etale holomorphic 
map if -.Y ^Y' satisfying the following conditions: 

(a) ip = tp' o {p. 

(b) V is the set of connected components of Uyjef "^^^(^o)- 

(c) d := ¥?*(cO,i = 

Let X, X' be MF Hamiltonian Stein T-manifolds (recall that T is assumed to act effectively 
on both X, X') and cu, uo' , fi, fi' be the corresponding symplectic forms and the moment maps. 
By a Hamiltonian morphism between X and X' we mean a holomorphic T-equivariant map 
/ : X — i> X' such that f*{uj') = u,fi = ft' o f. Since ipjip' are both etale, we easily see that 
a Hamiltonian morphism / : X — X' gives rise to a unique morphism : yx D^x' such 
that o TT = tt' o 3^j, where n, n' denote the quotient maps for X, X'. 

Theorem 1.1. Let X, X' be such as above. For any morphism if : yx 3^x' there is a 
Hamiltonian morphism f : X X' with yj = if. In particular, X, X' are isomorphic if 
yx.yx' are. 

We note that such a morphism / is not necessarily unique. For example, shifting / by an 
element of T, we again get a Hamiltonian morphism with desired properties. 

Our next task is to give a characterization of 5-tuples y of the form yx- We say that a 
5-tuple y is Delzant if it enjoys the following property: 
(Del) Let y be an arbitrary point of F, Y^,..., Yq be all elements of V containing y and 
Tq^, . . . ,Tq be the corresponding connected one- dimensional subgroups of T. Then 
there is a neighborhood UoiyinY such that any element of V intersecting U is 
one of , i = ^,k. Furthermore, the primitive elements of X(Tq)* "—y X{T)*, i = l,k, 
(each of them is defined uniquely up to the multiphcation by ±1) constitute a part 
of a basis in the lattice X(T)*. 

Theorem 1.2. Suppose a 5-tuple y is Delzant. Then there is a MF Hamiltonian Stein 
T -manifold X such that y = yx. 

Let us describe the structure of this paper. Section 2 is devoted to some general results 
concerning MF Hamiltonian Stein T-manifolds. Firstly, we recall results of Snow concerning 
general reductive group actions on Stein manifolds. Then we establish the slice theorem \2.4\ 
which asserts that locally a MF Hamiltonian Stein manifold looks like a model manifold 
introduced in Example 12. 2[ Using this theorem we prove some structure results on MF 
Hamiltonian Stein manifolds. Lemmas 12. 7112. 8[ In Section 3 we establish a certain sheaf 
of groups Aut on the quotient F of a MF Hamiltonian Stein manifold X. Its sections 
are Hamiltonian automorphisms that preserve the quotient map . This sheaf is important 
because it controls gluing of local pieces of an MF Hamiltonian manifolds together. The main 
goal of the Section is to determine the sheaf Aut up to an isomorphism (Lemmas I3.2|3.3p . 
In Section 4 we prove Theorem 11.11 The most crucial part of its proof is the special case of 
the identity morphism cp. To examine this case we consider a natural action of H^{Y,Aut) 
on the set of all isomorphism classes of MF Hamiltonian Stein T-manifolds X such that 
yx = {Y, ip, V, •, •). Finally, in Section 5 we prove Theorem 11.21 The main idea of the proof 
is to consider certain local lagrangian sections of the quotient map. 

Acknowledgements. Part of the work on this problem was done during author's stay 
in Rutgers University, New Brunswick, in the beginning of 2007. I would like to thank this 
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institution and especially Professor F. Knop for hospitality. I also express my gratitude to 
F. Knop for stimulating discussions. Finally, I would like to thank J. Martens for useful 
comments on an earlier version of this article. 

2. Generalities on MF Hamiltonian Stein T-manifolds 

Until a further notice T denotes a complex torus (C^)" and X is a Stein T-manifold. 
By [S], there is a Stein space Y and a surjective T-invariant holomorphic map tc : X Y 
satisfying the following conditions: 

(A) U CY is open iff 7r-^{U) is, 

(B) n*{0{U)) = 0{7i-\U)f for any open subset U cY. 

Such Y, TT have the following universal property: for any Stein space Z and a T-equivariant 
holomorphic map p : X —>■ Z there is a unique T-equivariant holomorphic map p : Y ^ Z 
such that p = povr. Therefore Y is called the categorical quotient ioi the action T : X and vr 
is called the quotient map. It is known, see [S], that any fiber of tt contains a unique closed 
T-orbit. 

In the sequel we will need the following notion. 

Definition 2.1. A subset Xq C X is called saturated if it consists of fibers of the quotient 

map, that is Xq = 7r~^(7r(Xo)). 

If Xq is open and saturated, then 7r(Xo) is open. 

Now we quote the Snow slice theorem. Let x G X be a point with closed T-orbit. Set 
To := Tr and let V denote the slice To-module T^X/t*x. Then there is an open saturated 
neighborhood [/ of x in X and an open To-stable neighborhood Uq of in ^ such that U 
is T-equivariantly isomorphic to the homogeneous bundle T Uq := (T x Uq)/Tq. Let tto 
denote the quotient map for the action To : V . From property (B) above it follows that 
Ti{U) = hq^Uq) and the quotient vr : f/ — > tt{U) is identified with T Uq — > 7ro(f/o)- Since 
U is saturated, we see that Uq is also saturated (w.r.t. To). 

Now we would like to produce some examples of MF Hamiltonian Stein T-manifolds. 

Example 2.2. Fix a connected subgroup To C T, characters of To forming a 

basis of 3£(To), and A G t*. To this data we assign a MF Hamiltonian Stein manifold X as 
follows. Let V be a vector space with a basis Vi, . . . ,Vk- Define the linear action To : by 
t.Vi = Xi(t)vi, i = 1, k,t E Tq. Let Xo be the homogeneous vector bundle T V. There is 
a subtorus Ti C T such that Ti x To = T. For any such Ti we have Xo = Ti x ^. Choose 
a basis 6i, . . . ,6i,l = n — k, in X(Ti), set (3i := ^ = d{hi9i). One can regard . . . , /?/ as a 

basis in Let ■? = !,/, be the basis in ti dual to (3i. Further, let f ^, . . . , f be the basis 
of V* dual to f 1, . . . , ffc. Set X := T*Xo. We can consider P\ Vj, as functions on X and 
these functions form a coordinate system. The manifold X has the natural symplectic form 
u = —da, where a := P^d\n9i + Yli=i Vidv\ The form a is T-invariant and the action 

T : X is Hamiltonian with moment map p{x) = A + Yli=i (^\^) (^i + J2i=i'^ii^)'^^i^)^i.^^Xi)- 
One can easily check that a,p do not depend on choices we have made (i.e., the choices of 
f j, Ti, 6j). We also note that the action T : X is effective and = H^. 

Let us check that the 5-tuple yx is well-defined and compute it. We have y = C", 
P^, . . . , P\viv^, . . . jVkv'' being coordinates. The map ip is identical. We easily get V = 
{Di, i = 1, k}, where Vi is the affine hyperplane of the form ViV^ = const containing A. 
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Choose X £ '^{T),X = Yl\=i'^i^i + Yli=i^iXi- Then is a trivial hne bundle on Y 
generated by (ElLi «f'')' where Ui = Vi ii bi ^ and otherwise. So Ci, . . . , c„ 

are well-defined and equal to zero for any choice of a basis in X(T). 

Since u is exact and H^(Y, C) = 0, we see that Cq in this case is well-defined and equals 0. 

We remark that the 5-tuple yx is Delzant. 

We call X a model Hamiltonian T-manifold associated with Tq, A, xi, . . . , Xk- By a base 
point in X we mean any point from a unique closed T-orbit in Xq (i.e., any point x & Xq 
with v^{x) = . . . = v'^{x) = 0). 

Definition 2.3. Let Xi,X2 be MF Hamiltonian Stein T-manifolds, Xi G Xi,X2 G X2 be 
points with closed T-orbits. We say that the pairs {X2,X2) are locally equivalent if 

there are saturated open neighborhoods Ui,i = 1,2, of Xi in Xj and a Hamiltonian isomor- 
phism if : Ui ^ U2 such that V5(xi) = X2. 

Till the end of the section X is an arbitrary MF Hamiltonian Stein T-manifold. 

Theorem 2.4 (symplectic slice). Let x & X be a point with closed orbit, Tq = T^, A = 
Then the following assertions hold. 

(1) To is connected, and the set of weights ofT^ in T^X has the form {0, Xi, • • • , Xk, — Xi, 
• • • ) ~Xk}, where Xi, ■ ■ ■ ,Xk is a basis of the character group 3C(Tq). 

(2) Let X' be a model Hamiltonian T-manifold associated with Tq, A, xi, ■ ■ ■ iXk o-nd x' 
its base point. Then the pairs (X, x) and (X', x') are locally equivalent. 

Proof. Note that T^X is a symplectic Tg-module. There is a trivial isotropic To-submodule 
C Tj,X. Therefore Tj.X/(t^,a;)^, where ^ denotes the skew-orthogonal complement, is 
also a trivial Tg-module. Set V := {i^x)"^ /Ux. This is a symplectic To-module of dimension 
dimX — 2dimTa; = 2dimTo. By Snow's slice theorem, the action Tq : is effective. It 
follows that the weights of Tg° in V have the form xi, . . . , Xfc, — Xi? • • • ; ~Xk, where Xi, ■ ■ ■ ,Xk 
form a basis of X(Tq). Therefore Tq° is a maximal torus in Sp(V^) whence Tq = Tq°. So 
assertion 1 is proved. 

In view of the Snow slice theorem, the proof of assertion 2 is completely analogous to 
that of the symplectic slice theorem from [L] (where it was proved for Hamiltonian reductive 
group actions on affine algebraic varieties). □ 

Corollary 2.5. Let y eY and U be an open neighborhood of y in Y . Then there is an open 
Stein neighborhood Uq of y in U such that 7c^^{Uq) is Stein. 

Proof. Thanks to Theorem 12.41 it is enough to consider the case when X is model and y is 
the image of its base point x. Since the product of two Stein manifolds is again Stein, the 
claim can be easily reduced to the case when (in the notation of Example 12. 2p n = 1. If 
k = 0, then n~^{Uo) = Uq x C^. Let k = 1. Here we need to check that the domain in 
given by \viv^\ < d is Stein for all (equivalently, some) positive d. But the latter is a 
holomorphic region whence a Stein manifold (see [D], Example 4.1). □ 

Remark 2.6. Now let X^, X^ be model Hamiltonian T-manifolds corresponding to the data 
(Tq , A^, Xi, • • • , XfcJ? (^0^) -^^j Xi5 • • • 5 Xfca) x^,x^ be the corresponding base points. Then 
the pairs (X^, x^), (X^, x^) are locally equivalent iff the following conditions are satisfied: 

(1) Tq^ = Tq whence ki = ^2. 

(2) A^ = X\ 

(3) After reordering x?, • • • , X^' get x} = ±xh ^ = 
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Below we will often use a certain open subvariety of X associated with a "general enough" 
element ( e X(T) ® M. 

We say that C € X(T) ® ffi is general for X if ^ is nonzero on the Lie algebra of for any 
X & X. Since the set of all is countable, we see that such C, does exist. By X'~- we denote 
the subset of X consisting of all points x satisfying the following two conditions: 

(1) = {1}. 

(2) Let T : ^ T be a one-parameter subgroup. If limt^Q T{t).x exists in X, then 
(C, t) > (we note that the l.h.s of the previous inequality is always nonzero because 
imr lies in the stabilizer of limj^o ''"('^)•3;)• 
The following lemma describes some properties of the subset X'^ C X. 

Lemma 2.7. (1) If Xo is an open saturated Stein subset of X , then (Xq)'^ = X'^ fl Xq. 

(2) The set X'^ is open in X . 

(3) For any y eY the intersection X^ fl Ti^^iY) is a single T -orbit. 

(4) The map t^\x< '■ Y is a locally trivial principal T -bundle whence the quotient 
map for the action T : X''. 

Proof. The limit in (2) exists in X iff it exists in '7r~^(7r(x)) whence the first assertion. Using 
Theorem 12. 4^ we reduce assertions 2,3 to the case when X is a model Hamiltonian manifold. 
It follows from assertion 3 that any fiber of 7r|^c is a single orbit. Thus it is enough to prove 
assertion 4 also for model manifolds only. So let X be a model Hamiltonian T-manifold 
and To, xi, • • • , Xfc, A, 9i, P\ vj, be such as in Example 12.21 Write the decomposition ( = 
Yli=i '^i^i + Sj=i biXi- The condition that ( is general implies that all 6j are nonzero. Thanks 
to Remark 12.61 we may assume that all 6j are positive. In this case one checks directly that 
X'' = {x E X\vi{x) ^ 0,i = 1, k} and assertions 2-4 follow. □ 

Lemma 2.8. (1) Y is smooth and ip is etale. 

(2) Let To be a one- dimensional connected subgroup ofT and Yq G X'(To). Then there is 
a E i* such that Yq is a connected component of tp'^{a -\- 1^). 

(3) For any x ^ 3C(T) the sheaf is a line bundle. 

(4) There is a 2-form uoq G D?{Y) and a T -invariant one-form a G ^"'^(X) such that 
ui = 7r*(ci;o) — da, and = for any ^ G t. Moreover, the class of Uq in 
Hjjj^iY) does not depend on the choice u!o,a. 

(5) The 5-tuple yx is well-defined and Delzant. 

Proof of Lemma \2.^ Everything but assertion 4 follows directly from Theorem 12.41 and Ex- 
ample 12. 2[ Let us prove assertion 4. 

Let us check that [ujq] G H'^^{Y) is unique if ojq exists. Let u = 7i*{LjQ)—da^ = 7i*{u!Q)—da'^ 
be two representations of the required form. Then := — is a T-invariant form such 
that Q!°(iC*) = 0. Choose a general for X element ( G X(T) ®z M. By assertion 4 of Lemma 
\2.7\ the map vr : X'' — > F is a principal T-bundle. It follows that there is ao G ^^{Y) such 
that a" = vr*(ao) on X'' and thence on the whole manifold X. So tt*{uJq — dao) = 7r*(co'Q) 
whence Uq — dao = ^o- 

So it remains to prove that there exist ujq, a with the required properties. 

It follows from Example 12.21 and Corollary 12.51 that there exists an open covering Y = 
Ui^jYi satisfying the following conditions: 

(1) Both Yi and TT~^{Yi) are Stein. 

(2) co'l^-i(y-) = —dai, where is a holomorphic T-invariant 1-form on n^^iYi) such that 
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For a finite subset J C / set Fj := fljg jY,-. 

Set This is a T-invariant holomorphic 1-form on vr ^{Yij) with aijiC,*) = 0. 

It follows that there is a (unique) holomorphic 1-form 'jij on Yij such that aij = 7r*(7jj). 
The collection (7,^) is a 1-cocycle in Q^. Since Y is Stein, we see that there are holomorphic 
1-forms 7j on Yi such that 'jij = 7^ — 7^. Further, = daij = 7r*{d'yij), whence d'ji = d'jj 
on Yij. Set Uq := (i7i on Fj. Then u — uq coincides with d{ai — 7r*(7j)) on 7r^^{Yi). Since 
«i — 7r*(7i) = ttj — 7r*(7j) on tt^-*^!^-, we may set a = ai — vr*(7j). □ 

Remark 2.9. Let 3^x = {Y, ip, V, {ci)f^i, cq). Let us show how to recover the structure of X 
in a neighborhood of a point x & X with closed orbit. Let Di, . . . , be all elements of V 
containing tt{x). For each i there is a unique affine hyperplane Fj C t* containing ijj{Di). Let 
rii,i = 1, /c, be a nonzero element from t lying in the annihilator of the (linear) hyperplane 
associated with Fj. Then the Lie algebra of Tq is spanned by rii,...,r]k, the character 
Xi,i = 1, /c is a primitive element of X(To) annihilating all rjj with j 7^ i (a character Xi is 
determined uniquely up to changing the sign), and X = tp{x). 

Finally, we prove that certain T-manifolds are Stein. 

Proposition 2.10. Let X be a complex T -manifold such that the action T : X is effective, Y 
a Stein manifold, and 7C : X Y a holomorphic T-invariant map. Suppose that there is an 
open covering Yi,i G /, ofY by Stein submanifolds such that TT^^{Yi) is a MF Hamiltonian 
Stein T -manifold and it : Tf^-^lYj) —>■ Yi is the quotient map. Then X is Stein and tt : X ^ Y 
is the quotient map. 

Proof. We need to check two conditions (see [0], Subsection 4.1): 

(1) For any different points Xi,X2 G X there is a holomorphic function / G 0{X) with 

/(Xi) ^ /(X2). 

(2) For any discrete sequence Xn,n = 1,2, ... , of points of X there is a holomorphic 
function / G 0{X) such that the sequence /(x„) is unbounded. 

Since Y is Stein, we may assume that n^xi) = vr(x2) = y in (1) and that in (2) the sequence 
Tr{xn) converges to y. By Cartan's Theorem A, for any x ^ X(T) there is a section G 
H°{Y, O^) C 0{X) such that f^{y) ^ (recall that the sheaf is locally free, see Lemma 
12. 8p . Let i be such that y G Yi. In (2) we may assume that Ti{xn) lies in Y^ for all n. Replacing 
Yi with a smaller neighborhood, we obtain that TT~^{Yi) is a saturated neighborhood of a 
model Hamiltonian T-manifold. 

Let xi, X2 be such as in (1). Assume that fxi^i) = /x(^2) for any x- Since f^ generates the 
C(F/)-module H^{Yl, O^), where F/ is an appropriate open neighborhood of y, we see that 
f{xi) = f{x2) for any T-semiinvariant function on 7r~^(Fj). However, there is a coordinate 
system on a model manifold consisting of T-semiinvariant functions. Contradiction. 

Now let x„, n = 1, 2, . . . , be such as in (2). Analogously to the previous paragraph, we 
get that the sequence f{xn) is bounded for any T-semiinvariant function /. As above, this 
is absurd. □ 

3. The sheaf Aut 

Let T, X, 7r,3^x = (^5 V'; ^) (ci)"=i, Cq) be such as above. The goal of this section is to 
study the sheaf of groups Aut-^ on Y defined as follows: the group Aut-^{U) consists of 
all Hamiltonian morphisms of tt~^{U) preserving vr. This sheaf plays a crucial role in the 
subsequent development, compare with the proof of the uniqueness part of the Delzant 
theorem in |Wj . 
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At first, we construct a certain morphism of slieafs Oy — ^ Aut^ . 

To any function / G 0{U), where U is an open subset of X, we assign its skew-gradient 

v{f) by 

^x{v{f),r]) = {r],d^f),x eU,r] e T-,X. 

Lemma 3.1. Let U he an open subset ofY and f E 0{U) = 0{'k^^{U)Y . Then the map t 
exp(27ritf (/)) is a well-defined homomorphism C — > Aut^{U) such that the corresponding 
action C : 7r~^{U) is holomorphic and its velocity vector field coincides with 2niv{f). 

Proof. Define two constant slieafs ty,Ty on Y with fibers t, T, respectively. There is the 
natural epimorphism ty — > Ty, ^ i— > exp(27rz^), and the natural action TyiU) : ti~^{U), ip.x = 
ip{TT{x))x by holomorphic T-equivariant automorphisms preserving vr. 

At first, suppose that the action T : tt~^{U) is free. Note that the vector field v{f) is 
T-invariant and tangent to all T-orbits (the latter stems from uj{v{f),^^) = for any ^ G t). 
So we may consider v{f) as a section of ty. Applying the exponential map to v{f), we 
get the one-parameter subgroup exp(27rii(;t>(/)) of TyiU). So we get the action C : 7r^^(f/), 
whose velocity vector field is 27rif (/). Since v{f) is a Hamiltonian vector field, this action 
preserves uj. Finally, the action preserves vr and thus also ^. 

Consider the general case. Choose general C, G X(T) ®i R. It follows directly from the 
definition of that -n^^iU) fl is stable with respect to the action Ty{U) : 7r~^([/). 
The action C : X^ fl 7r^^(f/) constructed above is factorized through a homomorphism 
C Ty{U). Since Ty{U) acts on 'k^^[U) by holomorphic automorphisms, we see that the 
action C : 7r~^(?7) fl X^ can be extended to the whole set r[~^{U). □ 

So we have the sheaf morphism Oy — Aut given by 

(3.1) /^exp(27r2t;(/)). 

Lemma 3.2. The morphism of sheafs liS. 1\) is surjective. 

Proof. Again, choose an element ( G X(T)^z^ general for X and an open subset U G Y. We 
get the natural inclusion Aut^{U) "—>■ Aut^'' {U) induced by the restriction to X'^ fl tt~^{U). 
So we may replace X with X'^ and assume that the action T : X is free. Since the question 
is local we may assume X = T*(T) and U is given by (in the notation of Example 12.21) 
1/3*1 < l,i = l,n. We need to prove that the map 0{U) Aut^{U) is surjective. 

The group Aut-^^U) > Ty{U) consists of all maps T such that the map 

(i, y) ^— s> ($(y)t, y) preserves u. Fix a basis 6i, . . . ,9n of X(T). There is a holomorphic map 
ip = {ipi, . . . ,ipn) : U —> I such that $ = exp{2'7ii(p). The inclusion $ G Aut^{U) holds 
whenever the vector field Yl^=i ^i^iw symplectic. The latter is equivalent to the system 
of equations 

dipi _ dipj_ . , _ - — 

By the Dolbeaux lemma, there is / G 0{U) such that = It follows that f (/) = f. □ 

Lemma 3.3. The kernel of the epimorphism liS. 1\) is C©X(T)* (where C denotes the sheaf 
of constant functions and X{T)* the sheaf of H^,^ G X{T)*). 

Proof. Again, it is enough to check this lemma for X = T*{T), where it is checked directly. 

□ 

Finally, Aut^ = Oy/(C©X(T)*). In particular, Aut^ depends only on F and ^ : F ^ t*, 
so we write Aut instead of Aut^ . 
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Corollary 3.4. W{Y, Aut) = W+\Y, C © X(T)*). 

Proof. Since Y is Stein, we have H^{Y, Oy) = for j > 0. It remains to consider the long 
exact sequence associated with — >• C © X(T)* — > Oy Aut — 0. □ 

4. Uniqueness 

The goal of this section is to prove Theorem 11.11 Throughout this section X is a MF 
Hamiltonian Stein T-manifold and yx = (y,4',1^, (ci)"=i,co) the corresponding 5-tuple. 

Denote by X the set of all isomorphism classes of multiplicity free Hamiltonian Stein T- 
manifolds with 5-tuples of the form (Y, ip, T>, •, •). Two such Hamiltonian T-manifolds X, X' 
are supposed to be isomorphic if there is a Hamiltonian isomorphism l : X ^ X' such that 
n' o L = TT, where vr, tt' are the quotient maps for X, X'. 

There is a natural action of [Y, Aut) on X, which we describe now. 

Choose c G H^{Y,Aut). Let Yi,i G /, be an open covering and ipij G Aut(Yij), where 
Yij := "Kj n 1^-, be a 1-cocycle representing c. Set 

X' ■.= Y[n~\Y^/^, 

where points Xi G 7i~^(Yi),Xj G n^^iYj) are equivalent if they both lie in 7i~^{Yij) and 
j). Since {(fij) is a 1-cocycle, we see that ~ is a genuine equivalence relation. 
Clearly, X' has a unique structure of a Hamiltonian T-manifold such that the embedding 
71^^ (Yi) — s> X is a Hamiltonian morphism. It follows from Proposition 12. lOl that X' is Stein. 

It is clear that if ip'^j is another 1-cycle and X" is obtained by applying ip[j to X', then X" 
is obtained from X by applying ^p'ijfij. Now suppose ipij is a 1-coboundary, that is, there is 
a 1-cochain /j G Aut(Yi) with ipij = fifj~^- Then there is the isomorphism X ^ X' given 
by fi on Yi. So X' depends up to isomorphism only on c and we write X^ for X'. Also we 
note that Xcic2 = (-^ci)c2) so we do have an action of H^(Y,Aut) on X. 

The following proposition is the main property of this action. 

Proposition 4.1. Suppose X is nonempty. Then the action of H^(Y,Aut) on X is free and 
transitive. Further, for any (c-)"^g G H'^{C © X(T)*) there is a unique element X' G X with 
yx = {Y,ij,V,{c'^U,c',). 

The proof of this proposition will be given at the end of the section after two auxiliary 
lemmas. Now we are going to derive Theorem 11.11 from Proposition 14.11 

Proof of Theorem \l.l[ Let X' be a MF Hamiltonian Stein T-manifold and (p -.y = {Y.,ip., V, 
(cj)"^;^,Co) yx' = (^') V"'; (Ci)iLi, Cg) bc an arbitrary morphism of 5-tuples. Set X = 
Y Xyi X' and let ip denote the map X — > X' arising from the Cartesian square. There is a 
unique structure of a Hamiltonian T-manifold on X such that is a Hamiltonian morphism. 
Being a closed submanifold in y x X', the manifold X is Stein. The natural map n : X —>■ Y 
is the quotient map. It is clear from construction that yx = y. 

The previous construction reduces the proof of the theorem to the case cp = id. This case 
stems from Proposition 14. 1[ □ 

Let X' be as above, vr' denote the quotient map X' — > Y', and yx' = (Y, ip', V, {c'j)f^i, Cq). 
It is clear from the construction of X' that ip' = ip,V = V. Let us examine the behavior of 
c^. We recall that H^{Y, Aut) ^ H\X, C © X(T)*) (Corollary [32D. 
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Recall also that there is a natural embedding of sheafs Aut ^ Ty , see the proof of Lemma 
13.11 So one can consider the homomorphism ip i— > (^x, V^) from Aut to the constant sheaf 
with fiber C^. 

Lemma 4.2. Choose x ^ 3£(T) and let Cj^,c'^ be the classes of the line bundles 0^,0'^ 
corresponding to X,X' m H\Y,C)- Let c e H\Y,Aut) = H^{Y,X{Ty © C). Then c'^ = 
Cx + ix, c) . 

Proof. Let fij denote the transition functions for the sheafs on Y. From the construction 
of the isomorphism H^{Y,Aut) = H'^{Y,C® X(T)*) it follows that we need to check that 
fij{x, '^ij) is a system of transition functions for O'^. 

Indeed, let O' be the line bundle on Y with transition functions fij{x, Vij)- Let T act on 
sections of O' by x- We may assume that O' is trivialized over each Yi. Let a be a global 
section of O' . Our claim will follow if we check that a can be regarded as a function on 
X' of weight X- To verify this we need to check that crj(x) = aj^Lp^j^x), where cxj is the 
trivialization of a. Here the subsets 7r^^(Fjj) C n^^iYj), n^^{Yj) are assumed to be identified 
as in X. But aj{(p^j^x) = {x,fij)'^^o-j{x) = (Tj(x) (the factor fij does not appear because of 
the choice of the identification of two different 7c~^{Yij)). □ 

Lemma 4.3. Let c e H^{Y,C) ^ H^iYX ® ^(T)*) ^ H\Y,Aut). Then 2mc = Cq - c'^. 

Proof. As in the proof of Lemma r2.8[ we may assume that the actions T : X,T : X' are free. 
There is an C(y)-valued 2-cocycle (fij) such that ipij = exp{27iiv{fij)). Let be such as in 
the proof of Lemma 12. 8[ The 1-cocycle in closed 1-forms constructed for u' as in the proof 
of Lemma [2^8] equals aj — Lp*^^{ai) = (aj — ai) +ai — ^p*^^ (ai). Let us compute ai — (p*~'^ai. 
We may assume that TT~^{Yi) is an open neighborhood in T*{T). Let be such as in 

Example 12. 2[ Then a, = Ym=i l^^'^O-^^i)- The map ipij equals {Oi, (3^) t-^ (6*4 exp(27ri^|f ), /?*). 
Thus 

So the 1-cocycle in H^(Y, Oy/C) corresponding to Cq — cq is given by 2ni{Cfij — fij), where 
C = X]fc=i ^i'Sr abusing notation, stands for the lifting of the corresponding vector 
field on t* to Y). Note that C{fij + fjk + fki) = 0, for fij + fj^ + fki = const. Therefore the 
classes of Cq — Cq and 27iic in H'^(Y, C) coincide. □ 



Proof of Proposition 4-1 ■ Let us prove that the action of H^{Y, Aut) on X is transitive. Let 



X,X' E X and vr, vr' be the corresponding quotient maps. By Remark 12. 9[ there is an 
open covering Yi,i G /, of F such that there are Hamiltonian isomorphisms Li : vr~^(yi) — >■ 
Ti'~^(Yi),i G /, with vr' o = vr. So Li o lJ^ is a 1-cocycle in Aut and X' = Xc for the 
corresponding cohomology class c. It follows that the action is transitive. 

Choose X G X and (c^^^q ^ H\Y,C®^T)*). Let yx = {Y,iIj,V, (ci)r=i,Co). By Lemma 
0| there is G H^{Y,C® X(T)*) such that yx^, = {Y,4j,V, {c'i)'^^^, c'^) for some cj, and 
any two elements with this property differ by an element of H'^{Y,C). Now, by Lemma 
14. 3[ there is a unique element G H'^(Y,C) such that 3^x^i^2 = (X,ip,V, {c'j)"^i,c'Q). This 
completes the proof. □ 
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5. Existence 



The goal of this section is to prove Theorem II. 2[ Thanks to Proposition 14.11 it is enough 
to check that for any 5-tuple 3^ of the form {Y, ip, V, (q)"^^, Cq) with some Ct, i = 0,n, there 

is X with yx = y. 

Choose an open covering F = such that Yi is an open disk and there is an open saturated 
subset Xi of some model Hamiltonian T-manifold such that yxi = (^i, "^/'ly^, ^^i, 0, 0), where 
T>i is the set of components of D (lYi, D G T>. Let TCi : Xi ^ Yi be the quotient map. Choose 
some isomorphisms Lij : nJ^(Yij) Tij^-^iYij) of Hamiltonian manifolds such that TCiOLij = Hj. 
Such isomorphisms exist by Theorem 12. 4[ We may assume that lh = id,Lji = l^^ . Note, 
however, that, in general, LijtjkLki 7^ id. So our task is to modify these isomorphisms for the 
cocycle condition to hold. 

There is C G X(T) ® M general for all Xi. Using Example 12.21 one easily gets that for any 
i there is a subvariety Yi C X^ satisfying the following conditions: 

(1) The restriction of vTj to Yi is an isomorphism Yi ^ Yi. 

(2) Yi is a lagrangian submanifold of Xi. 

Proposition 5.1. For any i,j there is a unique element (fij G Aut(Yij) such that 



Proof. By Lemma [2TI Lij{7ij\YijY) = 7c~\YijY. Since the group Aut(Yij) depends only 
on Yijjijj and does not depend on V, we may assume that the actions T : Xi,Xj are free. 
By (1), there is ipij G TyiYij) satisfying (15. ip . Note that ipijt.^,^ = ^^,iPijH^ = for any ^. 
Therefore for any x G n^'^(Yij),r] G Tx{ti^^ (Yij)) we have 



This equation and (1) imply the cocycle condition TijTjiLki = id- 

Set X := UiXi/ ~, where points Xi G Xi.Xj G Xj are equivalent if i^i^Xi) = T^j{xj) G Yij 
and Xi = Tij{xj). The manifold X is Stein, see Proposition I2.10i it has the natural Hamil- 
tonian structure and the action T : X is MF. By construction, yx = {Y, ip, V, (q)"^]^, Cq) for 
some Cj. 



Here we would like to state an open problem communicated to us by F. Knop. Until a 
further notice T is a compact torus. Recall that any MF compact Hamiltonian T-manifold 
admits an invariant Kahler structure. This follows, for example, from the Delzant construc- 
tion involving a Hamiltonian reduction. 

For a moment, let X be an arbitrary smooth manifold. Recall that a hyperkdhler structure 
on X is a quadruple (g, J, J, K), where g is a Riemannian metric, and J, J, K are complex 
structures satisfying the quaternionic relations IJ = K, JK = J, KI = J and such that the 
three 2-forms defined by uja{u, v) = q{Au, v), A = I , J, K, are symplectic. The basic example 



(5.1) 



^ij{Yi n nr\Y,j)) = LijiYj n nr\Y,j)). 
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here is X = M^" considered as an n-dimensional quaternionic vector space H". Note that 
ujj + iujk is a holomorphic symplectic form with respect to the complex structure /. 

Now let X be a hyperkahler manifold equipped with an action of T preserving the hy- 
perkahler structure. This action is called hyperhamiltonian if it is Hamiltonian for all sym- 
plectic forms uja,A = I,J,K. Let fij,fij,fiK be the corresponding moment maps. Then 
one easily checks that /ij + i^x is a holomorphic map with respect to the complex structure 
I. If one can lift the action T : X to a holomorphic action Tc : X, where Tq denotes the 
complexification of T, then X becomes a Hamiltonian Tc-manifold. 

We say that a hyperhamiltonian action T : X is MF if dimX = 4(dimT — dimTo), where 
To denotes the inefficiency kernel for the action T : X. 

Actually, there is a special class of MF hyperhamiltonian actions studied extensively in 
the last ten years, so called hypertoric manifolds (or toric hyperkahler manifolds), see, for 
example, |BD].[HS].pC].[P]. Let us give their definition. 

There is a reduction procedure for hyperhamiltonian manifolds introduced in a more gen- 
eral setup in |HKLRj . Choose a connected subgroup Tq C T. For a G (to)®^, a = (ai, ^2, as) 
we put X///aT := (/ig ^(a))/T, where /i = o o nj,p o ij,k),P : t* ^ tg is the natural 
projection. If T acts freely on fi~^{a), then X///aT is a genuine manifold of dimension 
dimX — 4dimT possessing a natural hyperkahler structure. Moreover, X is a hyperhamil- 
tonian T/To-manifold. By a hypertoric manifold one means a reduction of by a subtorus 
in a maximal torus of Sp(n). 

Problem 6.1. Let X be a MF Hamiltonian Stein Tc-manifold with symplectic form u and 
moment map fi. Does there exist a hyperkahler structure (g, /, J, K) on X such that 

(1) / coincides with the initial complex structure on X. 

(2) uj = Reu!,ujK = Imu. 

(3) The action T : X is hyperhamiltonian with fij = Re /i, = Ini /i. 
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